In this work the TFD formalism is explored in order to study a dissipative time dependent thermal vacuum. This state is a consequence of a particular interaction between two theories, which can be interpreted as two conformal theories defined at the two asymptotic boundaries of an AdS black hole. The initial state is prepared to be the equilibrium TFD thermal vacuum.
I. INTRODUCTION
Nowadays, the enthusiasm for Thermo Field Dynamics TFD [1] [2] [3] [4] [5] [6] , a finite temperature real time formalism developed by Takahashi and Umezawa, has been renewed. Much of this rediscovery is due to the re-reading of the pioneering work of Israel [7] , placed under the framework of the AdS/CFT correspondence [8] . The core of the TFD formalism is the doubling of the degrees of freedom and a Bogoliubov transformation to entangle such duplicated degrees, defining a thermal vacuum. Israel interpreted the TFD auxiliary degrees of freedom as the degrees of freedom behind the event horizon of a black hole described in the Kruskal coordinates. For AdS spaces, the maximally extended black hole solutions define two asymptotic conformal theories. In this case, the thermal vacuum can be interpreted as an entangled state of the two conformal theories. In the holographic context, this is the dual state of the AdS black hole. Also, by studying the non-relativistic approximation of the bosonic string propagating in the BTZ background, it was shown in [9] that the gluing conditions of the string in the horizon defines a string boundary state which is identified with the TFD thermal vacuum, globally defined in the Kruskal extension of the AdS black hole.
The algebraic nature of the TFD formalism provides a powerful and suitable approach for the understanding of microscopic statistical properties, mainly in the context of the holographic principle, where geometric quantities are related to microscopic information of the quantum field theory. In particular, an important question that TFD can help to answer is how to storage quantum data into classical spacetime that reflects the symmetries of the original quantum system. The intrinsic structure of the thermal algebra was pointed out in [5] , contributing, for instance, to a better understanding of the doubling of the degrees of freedom. The equivalence between TFD and the Gelfand-Naimark-Segal (GNS) construction [10] , in particular the Haag-Hugenholtz-Winnink (HHW) algebraic formulation [11, 12] , has been proven in the seminal work of Ogima in [13] . In [14] , it has been shown that TFD is a powerful tool to study time dependent systems, which is suitable for the applications developed here.
An important ingredient of the TFD formalism is the construction of an operator whose expected value in the thermal vacuum provides the thermodynamic entropy of the system: this is called the entropy operator. Besides, it was shown that this operator can lead a system from zero to finite temperature. Furthermore, the entropy operator plays an important role in quantum dissipative theories: it is identified with the time evolution controller, driving it through unitary inequivalent states [15] . In addition, it appears as a dynamical variable, leading to the conjecture that these features reflect the irreversibility of time evolution, characteristic of dissipative motion [16] . Also, a TFD-like entropy operator was applied to show information loss in a classical system [17] , in connection with t' Hooft deterministic quantum mechanics [18, 19] . The entropy operator is also related to the modular Hamiltonian of the Haag algebraic statistical mechanics, [12] , [20] . By construction, the entropy operator measures the entanglement between the original system and its copy; actually, the thermal vacuum is the state of maximum entanglement. Of course, when looking at the total Hilbert space (original plus copy), the vacuum is a pure state. Whilst in the TFD formalism this entanglement is just a technical device to deal with systems at finite temperature, in black hole applications it has important physical consequences: this is just because in this case the auxiliary degrees of freedom have physical meaning. For the AdS/CFT context, it helps to interpret the thermodynamic entropy of the black hole in terms of quantum entanglement.
Recently, an interesting relationship between the TFD entropy operator, dissipation and entanglement has been explored in the holographic context [21] . In this work, it was studied a conformal dissipative field theory where the dissipation process is manifestly related to dynamical entanglement. Important to note that a close relation between dissipation and entanglement was experimentally studied in [22] , where it was reported an experiment where dissipation generates continuously entanglement between two macroscopic objects. In [21] a time dependent entanglement entropy for the vacuum state was calculated and a geometrical interpretation of the auxiliary system and the entropy was given in the context of the Ryu-Takayanagi formula [23] . It was shown that the system thermalizes and the holographic geometry is an adiabatic approximation for the Vaidya black hole defined in the coordinate system developed in [24] .
The starting point of Ref. [21] is to consider a particular coupling between two systems, defined in the two AdS boundaries, that will drive dissipation in one of the boundaries. The interaction is turned on in t = 0; before, the vacuum is dual to two disconnected copies of AdS. It was argued that when the interaction is turned on there is formation of a throat that entangles the vacuum dynamically. Although it was shown that in the large t limit it is possible to make an approximation compatible with the large N limit and the holographic picture can be understood in terms of Vaidya black holes, the scenario is tricky close to t = 0. This is because a topology change is necessary in order to connect the two separate spaces, and this mechanism is hard to understand using a classical General Relativity solution. In the present work we are going to study a more natural and involved initial condition: we will use the same dissipative Hamiltonian to evolve the system, but the initial state will be prepared to be a thermal state. This implies that, for two-dimensional conformal theories, the dual geometry at t = 0 is a BTZ black hole [25] .
Although the holographic interpretation is the main motivation of the scenario studied here, in this paper we will focus on field theory, in particular in the time dependent entanglement production at finite temperature. In quantum field theory all the degrees of freedom (field variables), in any region of spacetime, are entangled with degrees of freedom in other regions (this is a consequence of the Reeh-Schlieder theorem [26] , as emphasized in [20] ).
The correspondent entanglement entropy between this adjacent regions has an universal ultraviolet divergence, independent of the states considered. So, the entanglement in quantum field theory is a property of the algebra of observables and not just of the states, which makes the TFD formalism suitable to study finite temperature entanglement production, due to its algebraic nature. In addition, as pointed out in [27] , the TFD allows to distinguish intrinsic quantum entanglement from the thermal fluctuations included in the definition of the usual quantum entanglement at finite temperature.
In general, to compute entropies in quantum field theory, the replica trick is used [28] , which involves a path integral representation of the reduced density matrix. Notwithstanding the TFD path integral formulation can be used in this context, as shown in [29] , in this paper we will explore the TFD canonical formulation. In order to regularize the ultraviolet divergence of the entropy and to make clear the different traces that we are going to take, we will make use of the lattice field theory technology and make numerical analysis of the time dependent entropy. An important question to be considered is whether the entropy operator can also be used to calculate ordinary quantum entanglement entropy in a nonthermodynamical context. We will show that for two-dimensional conformal theories defined in a torus, a choice of moduli space allows the typical entropy operator of the TFD to provide the entanglement entropy of the degrees of freedom defined in a segment and their complement. In order to do not impair reading enjoyment, this interesting result will be placed as a subsection of section one. Throughout the rest of the paper we will focus on dissipative theories with broken conformal symmetry.
In the TFD lattice field theory that we are going to work, we will be able to define an extended density matrix, which makes easy to define the degrees of freedom that we are going to trace over. We will see that the vacuum state in a finite time will be a time dependent entanglement state at finite temperature. This kind of time dependent TFD state can be understood as a perturbation of the equilibrium state at t = 0. In fact, we will show that entanglement entropy S A (t), calculated by the expected value of the entropy operator in the vacuum evolved by the dissipative hamiltonian, is the thermodynamic entropy at t = 0. Numerical analysis shows that S A (t) grows linearly with time. In the density matrix language, the expected value of the entropy operator takes into account the trace over the entire auxiliary degrees of freedom. When we take the trace over a part of the both, auxiliary and original systems, the t = 0 entropy becomes the finite temperature entanglement between a subset of the degrees of freedom and its complement. This entropy also grows linearly with time, but has a richer behavior over very large time periods.
This wok is organized as follows: in Sec. II, we briefly review the TFD formalism and define the entropy operator; we also present a result relating the entropy operator to the entanglement for a conformal theory defined in a torus. In Sec. III, we present the dissipative conformal theory, define the vacuum state and the entropy operator we have considered in our calculations. In Sec. IV, we define a lattice dissipative conformal theory, and then use a procedure to regularize it. In Sec. V, we present the time-dependent TFD state and compare it with the TFD state introduced in Sec. III; we also use the lattice technology to calculate the time dependent finite temperature entanglement entropy. The numerical results we worked out are collected in Sec. VI. Finally, our concluding remarks are cast in Sec. VII.
II. ELEMENTS OF TFD, THE ENTROPY OPERATOR AND APPLICATION TO CONFORMAL THEORIES.
In this section, we present a revision of the TFD formalism in order to introduce the entropy operator. It is not an overall introduction to this subject; the main goal here is to bring light some old and new ideas that underlie some of the recent applications of TFD. Also, this revision will be important to make clear the differences between the time dependent thermal state studied in this work and the state defined in [30] , [31] .
In general, the statistical average O of an operator O is defined by the functional
where ρ = e −βH and ω (1) is the partition function.
The functional ω (O) is called a state in algebraic statistical quantum field theory and the operators form a C algebra [10, 12] . The functional ω resembles a vector space, so that the algebra equipped with a particular functional admits a reducible representation on a Hilbert space such as a Fock space. This is the formal basis of the TFD formalism, developed by Takahashi and Umezawa [1] [2] [3] [4] [5] [6] . The main idea is to describe the thermal state as a pure rather than a mixed state and to interpret the statistical average as the expectation value of O in a thermal vacuum:
At the equilibrium, the θ parameter is a function of temperature. More generally, the core of TFD is to construct a quantum field theory whose vacuum contains the information about the environment under which the system is subjected. In order to achieve such an endeavor, it is necessary to duplicate the degrees of freedom by constructing an auxiliary Hilbert space, which is a copy of the original system. Once observed that temperature is introduced as an external parameter, the thermal vacuum appears as a condensate state in the doubled Fock space composed by the physical space and the auxiliary Hilbert space.
The thermal vacuum is defined by a Bogoliubov transformation, which actually entangles the system and its copy. The auxiliary Hilbert space is denoted by H and the total Hilbert space is the tensor product of the two spaces, H T = H ⊗ H, with elements |Φ = |φ, φ .
From the usual annihilation operators, the vacuum is defined by
where |0 = |0 ⊗ | 0 .
The original and the tilde systems are related by a mapping called tilde conjugation rules, associated with the application of the Tomita-Takesaki modular operator of the algebraic statistical mechanics [32, 33] :
The Hamiltonian of the extended system is denoted byĤ; it is constructed by demanding that the thermal vacua are the eigenvectors ofĤ which are invariant under the tilde conjugation rules andĤ
This can be obtained if we define the following Hamiltonian operator:
Note that since the thermal vacuum is annihilated byĤ, then in general TFD the tilde system is nonphysical. Indeed, adding the second Fock space corresponds to furnish new thermal degrees of freedom rather than dynamical degrees of freedom. This is close-banded with the fact that the hamiltonianĤ is unbounded from below; consequently, the physical The first construction of TFD consists in defining a Bogoliubov transformation, using only one generator that produces an unitary transformation and preserves the tilde conjugation rules. For a set of harmonic oscillators, this generator is given by
and the thermal vacuum is
This generator carries out an unitary and canonical transformation such that the creation and annihilation operators transform according to
where the matrix transformation is given by
with elements
Since the A k (θ) annihilate the thermal vacuum, we have the so called thermal state conditions:
and the expectation value of the number operator gives the distribution:
At the equilibrium, the θ parameters are fixed as functions of temperature by minimizing a thermodynamic potential. In order to do this, let us define a very important operator, the entropy operator:
such that the thermal vacuum is written as:
where
The result would be the same if we had used tilde fields in the definition of the entropy operator. In a thermal equilibrium situation, its expected value provides the thermodynamic entropy, which has its origin in coarse graining and in usual quantum fields in Minkowski space, and is not related to entanglement. However, one can show that, in general, K A measures the entanglement between the original system and its copy; so, it is a kind of von Neumann entropy operator. To make this statement clear, let us write the vacuum as follows:
Now it is possible to make an important connection with the density operator. From this point on we will use a different notation, most commonly used in the AdS/CFT scenario.
The two different sets of fields will be denoted by A and B and no longer by A andÃ.
Considering the so called extended density matrix
if we trace over the tilde fields (now the B fields), the reduced density operator is
and the entropy is written as
This makes clear the fact that the entropy operator is the von Neumann entropy relative to the trace over the B degrees of freedom.
Note that, up to this point, the θ parameters are quite general and can be time dependent.
Now we are going to fix them. In TFD, the expected value of the original Hamiltonian is interpreted as the thermal energy. The following potential is then defined:
Now, for a set of oscillators with frequency ω k , by minimizing F in relation to θ, we find
which is the usual thermodynamic distribution for a bosonic system in equilibrium at temperature 1/β. Now the entropy operator provides the thermodynamic entropy and F is the free energy.
We have just shown that in general, in TFD, the same operator that measures the entanglement between two sets of fields provides, for a given choice of the entanglement angle, the thermodynamic entropy. It is quite amazing and fits with what we learn from string theory. In particular, in Ref. [34] , it is shown that the entropy resulting from the counting of microstates of non-extreme black holes can be interpreted as arising from entanglement in the dual description. In the next subsection we show that, at least for two dimensional conformal theories, it is possible to choose the θ parameters in such a way that K provides the entropy of entanglement between degrees of freedom defined in an interval and its complement.
Although most TFD applications are based on the formulation with only one generator, a major generalization can be made. Actually, one can find a set of generators that maintains the thermal nature of the transformation. The set of generators forms an oscillator representation of the SU (1, 1) group for bosons and of the SU (2) group for fermions [35, 36] ; these are related to the Gaussian structure of the thermal vacuum. This structure also appears in [31] in order to study complexity of the TFD vacuum.
These sets for fermionic and bosonic systems can be combined in at least two different ways, providing generalizations of the TFD approach. In one case the tilde conjugation rules are preserved but the transformation, even in a finite volume limit, is non-unitary. This construction was largely applied and its connection with other thermal field theories is clear, as one can see, for example, in Refs. [35] and [37] . In the second case, the transformation is unitary in a finite volume limit, but the tilde conjugation rules are not preserved, which would cause an ambiguity in the choice of the thermal vacuum. In Ref. [38] , the ambiguity related to the thermal vacuum choice was shown to be just apparent and the so called general unitary SU (1, 1) TFD formulation was presented. Such a formulation considers a transformed Tomita-Takesaki modular operator. As a consequence, the tilde conjugation rules were redefined in the transformed space and named breve conjugation rules.
Let us explore the SU (1, 1) unitary formulation for a set of bosonic oscillators. The
where γ 1 k , γ 2 k and γ 3 k are free parameters of the Bogoliubov transformation.
For completeness, we write the SU (1, 1) Bogoliubov matrix transformation 1 :
with elements [39] 
and Γ k is defined by the following relation:
A quite convenient way to write the Bogoliubov transformation matrix (25) arises if we make the polar decomposition u k = |u k |e iϕ k , v k = |v k |e iφ k , and rewrite the matrix elements in terms of the new parameters:
In fact, with these steps we can present the Bogoliubov matrix as [35, 37] 
with α k + α * k = 1 and the thermal state condition is:
The SU (1, 1) formulation allows one to write the Bogoliubov operator in terms of complex parameters, which is essential for the results presented in the following subsection. The SU (1, 1) parameters can have a physical interpretation: in particular, in the application of Ref. [9] , it is shown that the SU (1, 1) parameters are related to the boundary conditions of the string worldsheet fields in AdS black holes.
The expected value of the number operator is given by
and the entropy operator is:
In an equilibrium situation, for bosons:
Having established the TFD formalism in thermal equilibrium, it is natural to make the assumption that time dependent thermal effects can be described by a time dependent Bogoliubov transformation. In this case, the same form of the SU (1, 1) Bogoliubov transformation is used, but the parameters are now time dependent [14] . In general, the Bogoliubov transformed operators are time dependent and the thermal vacuum is time independent.
The expected value of the number operator is now a function of time:
and, if we do not take vertex corrections into account, the entropy is given by:
It can be shown that the time dependent distribution N k (t) satisfies a Boltzmann equation, as a consequence of a self consistency renormalization procedure [14] . In order to do this, an interaction Hamiltonian, which couples the two systems, is added to (6) . In general, the parameters of the Bogoliubov matrix are chosen in order to make use of a time ordered formalism with Feynman diagrams similar to the Schwinger-Keldysh formalism, and the Boltzmann equation ensures that the time derivative of the entropy,
is always positive [42] . A complete revision of this topic is beyond the scope of this work.
We are going to present a system where the time dependence appears naturally in the expectation value of the entropy operator. Before this, we finish this section by presenting a new result regarding the entropy operator. We are going to show that, for conformal theories, the distribution is related to the parameters of the torus moduli space. A subtle choice of these parameters allows us to use the TFD entropy operator to calculate quantum entanglement between degrees of freedom defined in a region and its complement. The rest of the results of this paper is independent of this subsection.
A. Entropy operator in conformal theories defined in a torus
It was shown in [43] that, for a two-dimensional conformal theory with central charge c, it is possible to use Eq. (30) to define a boundary state that represents a torus with moduli space τ = λ + i β 2π . More precisely, the SU (1, 1) parameters are related to the torus moduli space and the thermal state condition define a torus boundary state. In this particular construction, the moduli space was defined in such a way that the torus boundary space corresponds to the TFD thermal vacuum. However, as discussed in the previous section, the TFD formalism allows a more general choice for the parameters of the Bogoliubov transformation, which actually defines the boundary state. In this subsection, we will combine this fact with the conformal invariance to define the more general torus moduli space, such that the expected value of the entropy operator is in fact the entanglement between the degrees of freedom of the theory defined in an interval and its complement.
The torus boundary state is derived from gluing conditions between the original field Φ(x, t), defined in a cylinder, and an auxiliary field Φ(x,t), defined in another cylinder. We are just gluing together the end of the original cylinder with the origin of the tilde cylinder, and vice-versa. In order to define the cylinders, the t parameter runs from t to t + β/2 in imaginary time andt runs in the reverse direction. This procedure will confine the fields to a restricted region β in the Euclidian time. Also, before gluing, the identificationx = x − πλ must be done in order to take into account the Dehn twist in one cycle of the torus. The two parameters of the resulting torus moduli space will be related to β and λ. We can think of the fields as living in the two sides of a bifurcated Killing horizon, and admit a plane wave expansion. These considerations can be written as follows:
Expanding Φ (t, x) and Φ t, x in modes, the above identification turns out to be the following set of operatorial equations for a boundary state |Φ = |φ, φ :
with |Φ = (qq)
where q = e 2πiτ , η (θ) is the Dedekind η function:
andq is the complex conjugate of q. We can verify that the expected values obtained in the above state correspond to the following statistical average
where the partition function Z is the oscillator part of the torus partition function
where the operator H and P are the time and space translation operator on the cylinder, which are written in terms of holomorphic and anti holomorphic oscilator number operators
The central charge c =c = 1 does not contribute to the statistical average. The partition function can be written as
Note that Z is not modular invariant: this is because we do not take into account the continuous degrees of freedom of the zero mode. The zero mode degrees of freedom are shared by the left and right movers. The wave function is e ipx and has an energy L 0 ,L 0 = p 2 2 . The zero mode partition function is Z 0 = dpq p 2 2q p 2 2 and the total partition function, Z = Z Z 0 , is modular invariant. To incorporate the zero mode part into the TFD torus state we just need to write the state as
where Ψ(β, p) is the normalized zero mode TFD momentum wave function:
The zero mode dependence of the torus state will be not important for the entropy calculation we intend to do.
Note that the torus boundary state is an entanglement state involving Φ and Φ. Now let us define the torus boundary state for a more general moduli. Assume that the moduli space confines the system to a region R 1 = [0, Σ]. We also define the complement in the region
where Λ is an infrared cutoff. Our strategy is to calculate the entanglement entropy, produced by the entanglement of the degrees of freedom defined in R 1 with the degrees of freedom defined in R 2 , through the expected value of an operator written in terms of the degrees of freedom contained in R 1 ; this operator is the entropy operator that defines the torus boundary state in an appropriate moduli. The boundary state can be written as
where the operator K is defined by
a † n · a n ln sinh 2 (θ n ) − a n · a † n ln cosh 2 (θ n ) − n=1 ā † n ·ā n ln sinh 2 θ n −ā n ·ā † n ln cosh 2 θ n ,
with the identifications
We are going to show that, for an appropriate choice of the moduli, the K operator corresponds to the entanglement entropy operator and expected values taken over the boundary state will correspond to the trace over the R 2 region. Before this, we define a sequence of conformal transformations, the same used in [44] . First, from ς = x + it, we go to w by
This places the degrees of freedom set in R 1 on the positive side of the real axis. Now, we can go from w to z by the usual relation:
The system is confined to a strip of width π/k and length L. If we define the ultraviolet cutoff such that Σ → Σ + , we obtain
Now we have a torus with periods 2π k and L. We can define the moduli as τ = 2π kL , so that q =q = e −4π 2 kL . The expected value of K in |Φ is given by
The moduli choice allows one to evaluate the sums in the continuous limit (|τ | << 1). For this, we need the integrals:
Assuming that Σ >> Λ, the result for the entropy is
which is the known result for the entanglement entropy of the central charge one conformal theory defined in the segment Σ. However, as usual in conformal theories, if we use a different way to parameterize the torus, the entropy (57) corresponds to a thermodynamic entropy. If the moduli space is τ = λ + i β 2π , the relations (52) and (53) become:
This is a generalized thermodynamic distribution, with λ being a gauge fixing term (see Ref.
[45]). In particular, sinh 2 (θ n ) is the expected value of the number operator and corresponds to the thermal distribution.
III. DISSIPATIVE CONFORMAL THEORY
A TFD-like entropy operator appears naturally in dissipative theories, as pointed out long time ago [46] . In this approach, in order to canonically quantize the theory, the degrees of freedom are duplicated and the Hamiltonian is constructed in such a way that the dissipative effects are caused by interactions with the additional (auxiliary) degrees of freedom [46, 47] .
Let us start with the following dissipative field equation:
where γ is the damping coefficient. If we introduce a particular interaction of the field φ with a field ψ, this equation can be derived from the following Lagrangian:
In [21] , the AdS/CFT correspondence, applied to AdS black holes, was used to give a holographic interpretation of the dissipative conformal theory defined by Eqs.(62) and (63).
In particular, the ideas developed in [48] and [49] were used to connect the two asymptotic boundaries such that γ describes the coupling between the two conformal theories be some linear combination of a † −k , a k and b † k , b −k respectively, where a annihilates φ modes and b annihilates ψ modes (see [21] for details). By making the redefinitions
the dissipative Hamiltonian becomes:
In terms of the creation/annihilation operators, the resulting Hamiltonian is
with
where A k and B k correspond to the annihilation operators of the fields Φ and Ψ, respectively, and k = √ k 2 . At t = 0, the vacuum is |0(t = 0) = |0 Φ ⊗ |0 Ψ . Since [H 0 , H int ] = 0, the vacuum state's time evolution is given by
Note that the dissipative interaction between the two CFTs produces an entangled state. In [21] , the entanglement entropy was computed and a holographic interpretation in terms of the Vaidya BTZ black hole was given. The entangled state |0(t) can be generated by the same entropy operator previously discussed, replacing θ by γt. If the coupling is switched off (γ → 0), we recover two non-interacting (free) CFTs, whose states describe spacetimes with two locally asymptotic AdS regions [50] . In particular, the ground state |0 Φ ⊗ |0 Ψ represents two disconnected copies of the exact AdS spacetime [51] . Here we intend to explore a more involved situation. Note that the limit γ = 0 is the same as the limit t = 0.
Suppose we have a thermal state in t = 0 and the vacuum is the Kruskal extension of an eternal AdS black hole. From the considerations presented in the previous subsection, this implies boundary conditions that define a torus at t = 0. The idea is to evolve the thermal vacuum at t = 0 with the dissipative Hamiltonian (68).
From now on, we use the notation |0 Φ ⊗ |0 Ψ = |0 A ⊗ |0 B and write the vacuum at t = 0 as
Holographically, this corresponds to a BTZ black hole at t = 0. As discussed in the second section, this state can be generated by the following Bogoliubov transformation:
where θ is defined in Eq.(23) with k instead of ω k . The important point is that the Bogoliubov operator commutes with the Hamiltonian; thus, if we evolve the state |0(t = 0) with the Hamiltonian, we obtain
which can be written in the compact form N k (t) = 0(t) A † n A n 0(t) = sinh 2 (θ n + γt) ,
such that at the t = 0 or at the γ = 0 limit we have an equilibrium thermal distribution.
The state |0(t) can also be written as
where |I is defined in (16) and the entropy operator K A (t) is given by:
Note that the entropy operator carries all the temporal and the thermal dependence of the state. In particular, we can verify that the time evolution of the vacuum state is generated by the time derivative of the entropy operator, or entropy production, namely:
This equation implies that the the basic notion of equilibrium, ∂ |0(t) ∂t ≈ 0, is equivalent to the maximum entropy condition. However, as it will be shown in the numerical analysis, entropy always grows with time.
The expected value of the entropy in the state (72) is given by equation (35) , with N k (t)
given by (73). For γt << 1, the distribution is:
which corresponds to a thermal distribution plus a time correction. In this limit, the entropy is given by
where S thermal is the equilibrium thermodynamic entropy.
On the other hand, one can choose the initial state to be an entangled state, different from the thermal one. We can choose θ in (71) in order to satisfy Eqs. (52) and (53) , and then the initial state is the boundary state (42) . In this case, for γt << 1, the entropy is
where, as previously defined, q =q = e −4π 2 kL , and L is given in (56). The holographic interpretations of equations (80) and (81) are quite different. The first one is a thermodynamic entropy and is related to a Vaidya-type metric, describing a linear evolution of the event horizon area. In (81) we have an entanglement entropy between the degrees of freedom defined in a segment and its complement. One can use the Takayanagi conjecture to relate this entropy with the temporal evolution of a minimum area in the AdS.
IV. LATTICE DISSIPATIVE CONFORMAL THEORY
From this point on, we will develop a strategy to provide numerical results, and also to define more general entropies. In the γt << 1 approximation, we obtain an entropy that grows linearly with time from the equilibrium entropy at t = 0. Note that in this approximation the time dependent part is UV finite; beyond this approximation, the entropy has an UV divergence. By using a lattice regularization, we will show that the linear behavior is maintained at later times. The lattice regularization will also make it possible to calculate a time dependent entropy relative to a more envolved trace. In the Subsec. II A we showed how the entropy operator can be used to compute entanglement entropy in confomal theories.
In this case, the conformal symmetry was crucial to redefine the distribution, so that the expected value of the entropy operator provides the entanglement entropy between degrees of freedom defined in a segment and its complement, even though the trace continues to be taken over the entire system B; in fact, the angle θ carries all the information we need.
However, we can explore another strategy to calculate entropy that does not involve the trace over all the system B.
From the initial state (70), which is related to a black hole, we can imagine two segments,
A ⊂ A and B ⊂ B, on each side of the black hole. The segments A and B contain the same number of degrees of freedom, that is, A has the same size of B. The idea is to take the trace over the complement of A and the complement of B. Defining a reduced density matrix from the state (72), this procedure will result in a time dependent entropy of entanglement between A and its complement at finite temperature. We are going to discuss this in Sec. V, but first we show the kind of lattice calculation we intend to do.
A. The Lattice Regularization
In this section we are going to use a lattice regularization in the dissipative theory defined previously. The fields φ(x, t) and ψ(x, t) will be defined in a space M = R ⊗ Λ, with R being the continuous time and Λ a spatial dimensional lattice with spacing δ = L N where x ∈ [−L/2, L/2], N is the number of sites and the field has spatial periodic conditions. The reason for considering a lattice theory came in two folds: first, it is an easy way to regularize the UV divergence; second, the lattice allows one to write the Hilbert space explicitly as a direct product of the Hilbert space at each site, ⊗ Λ H site , and, therefore, the degrees of freedom may be decomposed into spatial regions; we will explore this in the next section.
We expect to be able to address continuum QFTs by taking the δ → ∞ limit.
Using the notation of [31] , we define:
The Hamiltonian (66) becomes:
The mass term is an IR regulator; of course, we are interested in the limit m → 0. In the momentum space, the Hamiltonian can be written as:
The creation/annihilation operators can be defined as usual:
The Hamiltonian can be written in terms of the creation/annihilation operators as in (68), replacing the frequency k by ω k , defined in (85). The distribution is now written in terms of the frequencies ω k :
and the entropy is given by:
Numerical analysis shows that this entropy grows linearly with time.
V. THE TIME DEPENDENT THERMAL FIELD STATE AND THE EXTENDED
REDUCED MATRIX
As previously discussed, the equilibrium TFD thermal vacuum is dual to an eternal black hole. In general, for non-equilibrium applications, the dual geometry is given by
Vaidya solutions, which is not an "empty" gravitational solution and describes a shell of null dust falling into a black hole. However, it is possible to construct a time dependent thermal vacuum in an empty black brane geometry [30] . In order to do this, instead of time running forward on one side of the Penrose diagram, and backwards on the other side, the times are chosen to evolve forward in both outer regions so that the system is time 
where the notation 
Now, following the TFD algorithm, we calculate the expected value of the number operator:
which is exactly the equilibrium distribution. The density matrix is given by
By defining tanh 2 (γ k ) = e −βω k +iω k t ,
we trace over the system B:
which is the usual thermal equilibrium density matrix. From the point of view of the TFD formalism, this state describes the equilibrium thermodynamics, differently from the state studied here, defined in (72). However, note that the trace has been taken over the whole system B; it is due to this fact that the temporal dependence of (89) disappears, as we will show next.
The temporal dependence in the reduced density matrix appears when the trace is taken over the complement of a subsystem. For TFD states, the total subsystem consists of two spatially disconnected regions: an interval on the side A (I A ) and the corresponding (identical) interval on the side B (I B ). In terms of the lattice, on the oscillator number basis, we can use the following separation:
We can now calculate the extended reduced matrix ρ AB by tracing over the complements of I A and I B , represented by the oscillators n i , i = p + 1, ..., N , for the systems A and B:
where we have used the notationñ i to represent B states and |n µ = |n µ ⊗ |ñ µ . The so called extended entanglement entropy is given by:
The entropy is now time dependent; note that it is written in terms of periodic functions.
The oscillation of this entanglement entropy is due to the fact that the entropy must saturate for some time [31] .
B. The extended entanglement entropy for the dissipative lattice theory
In the previous sections we calculated the entropy for the dissipative theory, which is related to the reduced density matrix defined by a trace over all the system B. Differently from the entropy relative to the time dependent TFD state studied in [31] , this entropy is time dependent. Now, let us calculate the extended entanglement entropy for this dissipative lattice theory, where the trace is taken in the same way as in Eq. (96).
We define the extended reduced density matrix ρ d AB for the state (72) by taking the trace over the oscillators n i , i = p + 1, ..., N , for the systems A and B:
In order to carry out the extended entanglement entropy calculation more easily, let us define the time dependent parameter α µ by:
The extended entanglement entropy S d AB is given by:
In terms of the original variables:
Note that there is no saturation signal in S d AB ; the entropy grows indefinitely with time. This is a consequence of the interaction between the two theories. Numerical analysis will show that at the limit m → 0 and very small γ the typical linear behavior of conformal theories is recovered. At t = 0 we get the ordinary quantum entanglement entropy at finite temperature. Our lattice consists in N = 10.000 sites, representing N oscilators, each one with mass m → 1/L, and β → CL, for some number C. Using Eq. (85), we obtain: 
VI. NUMERICAL RESULTS
The thermodynamical entropy S A is calculated using this redefinition and Eqs. (87), (88).
For this purpose, we need two numerical inputs: the number of sites N (fixed) and the temperature, represented by C −1 . First we fixed the values for the input parameter C and varied γt, as shown in Fig.(1) . In Fig.(2) , we have fixed γt = 0 and varied C in the range [0.01, 10.0], with steps of length 0.01.
For S AB (the entanglement entropy), we have used the same numerical strategy as above for the thermodynamic entropy, using Eqs. (75) and (102). Since the product is divergent, we make p ranging from p min = 0.10N to p max = 0.75N , using it as a cutoff, to maintain numerically S AB < 10 62 . With this procedure, the sum in Eq. (102) goes from p min to p max .
The result is shown in the bottom of each graph on Fig.(1) and in Fig.(3) .
In the graph for S AB (t), we have a linear regime, showing the conformal symmetry of the system for small values for γt, associated with m ⇒ C = βL also small, shown in in saturation), with the possibility of phase transitions; we reserve this analysis for a future work. The entropy that comes from the trace over all the system A ( Fig.(2) ) shows a casual behavior, which is not the case for S AB (Fig.(3) ). The entropy S A does not saturate, presenting an always increasing behavior without inflexion points, like a thermodynamic entropy related with the area of the event horizon, and neither thermalizes (or thermalizes coming from the future to the past). We can't argue in the same way for S AB , deciding if it saturates (as a common theory of entanglement) or if there are phase transition regions, which also means that the system is sensitive to the degrees of freedom inside the black hole.
The model developed here is just an effective description, simply using a dissipation term in one of the conformal theories to describe it. We did not find a region with null derivative, dS AB dt = 0, which could mean the existence of an equilibrium region for the system. In the numerical analysis, we have found problems with divergences for p ≈ N , since we are near the continuum in this limit, which can be related with the validity of the numerical model, specially for greater values of t.
Note that S A varies slowly with T compared to S AB , probably an effect that comes from the finite product in its very definition, remarkably in the limit γt → ∞, arising when (1 − tanh(θ µ + γt)) → 0 , which means that quantum fluctuations are greater than the thermal fluctuations.
VII. CONCLUSIONS AND FUTURE DIRECTIONS
In this work the TFD formalism is explored in order to study a time dependent thermal vacuum in a dissipative conformal theory. This state is a consequence of a particular dissipative interaction between two theories, with respective fields φ and ψ, which can be interpreted as two conformal theories defined at the two asymptotic boundaries of an AdS black hole. The initial state is prepared to be the TFD thermal vacuum, dual to the AdS black hole. We show that the dissipative vacuum evolves as an entangled state at finite temperature and the dissipative dynamics is controlled by the time-dependent entropy operator, defined in the non equilibrium TFD framework.
We use lattice field theory techniques to calculate two types of time-dependent entropy.
The first one is the expected value of the time dependent entropy operator, which is also a time evolution controller; this is related to the the entanglement between all the degrees of freedom of the two theories and it is a non equilibrium thermodynamic entropy. Numerical analysis shows that this entropy grows linearly with time. In this case, the dissipation drives continuously the initial equilibrium state to non equilibrium states. There is no signal of saturation of the entropy or a new point of thermodynamical equilibrium. The second one is called (in the TFD literature) extended entanglement entropy: it measures the entanglement between a part of the system and its complement at finite temperature.
In the TFD framework the extended entanglement entropy is calculated by defining two equal subsets, each one belonging to a correspondent conformal theory, and tracing the complement of each subset. Numerical analysis shows the time linear behavior, typical of conformal theories. It is not clear if there is a saturation time for this entropy, since the interaction between the theories could avoid the saturation. However, the later time behavior shows a series of vertical asymptotes, which deserves a further study.
With regard to TFD formalism, this work shows a time-dependent thermal state different from the state that is generally explored in the literature involving the AdS/CFT scenario, studied at [30] and called time dependent TFD state. The state studied here is a dissipative thermal state and is clearly related to non equilibrium thermodynamics. It evolves in time by the action of a Hamiltonian that has the formĤ = H φ − H ψ , while the state studied at [30] is evolved by H = H φ + H ψ . The time dependent TFD state allows to explore various aspects involving temporal dependence of entanglement and its application in black hole physics, for a bulk geometry that is an empty space; the state studied here is more related to a Vaidya geometry. It is important to note that, as we have shown in section V , the expected value of the number operator in the state defined at [30] provides the bosonic thermodynamic equilibrium distribution, while in the state studied here it is a time dependent function, which is the equilibrium distribution only at t = 0.
We emphasize in this paper that TFD's algebraic structure makes this formalism extremely suitable for applications involving the AdS/CFT scenario. For CFT defined in a torus, we have shown that the entropy operator can be used in a non-thermodynamic context and provides the typical entanglement entropy of a conformal theory; this result was achieved through a torus moduli space choice. Actually, this choice implies a choice of the Bogoliubov transformation parameters. As the correlation functions defined via the TFD functional generator are written in terms of the Bogoliubov generator, we could use this result to calculate the entanglement entropy of interacting theories; this is a work in progress. It will be also important to explore the TFD formalism to study the Eigenstate Thermalization Hypothesis in Conformal Field Theory in the TFD framework, discussed in [52] .
Finally, although the holographic context is the main motivation of this work, here we explore only the field theory side. It would be important to advance on the geometric interpretation of the dissipative system in terms of Vaidya solutions. In general, the time dependent entropy of conformal theories dual to BTZ black holes is calculated using the time dependent TFD thermal vacuum. For this state, the two dimensional time-dependent entanglement entropy is written in terms of time periodic functions, which signals the entropy saturation. In this case, the temporal evolution of entanglement entropy cannot capture the dynamics inside the black hole [53] . The dissipative state studied here exhibits a totally different behavior. The entropy relative to the dissipative thermal vacuum seems to grow indefinitely over time. However, it cannot be concluded whether the vertical asymptotes shown by numerical analysis mean saturation or a kind of entanglement phase transition, as discussed in [54] . This fact deserves further study of the second entropy derivatives, which are related to the Fisher [55] metric; this will be done in future work. In this sense, it will be very interesting to calculate the quantum computational complexity related to the state studied here and to explore its holographic interpretation. To this end, the same covariant matrix approach used in [31] can be easily used in the scenario presented here.
